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Abstract. We show that the possible drop in multiplicity in an analytic family
F (z, t) of complex analytic hypersurface singularities with constant Milnor number
is controlled by the powers of t. We prove equimultiplicity of µ-constant families
of the form f + tg + t2h if the singular set of the tangent cone of {f = 0} is not
contained in the tangent cone of {h = 0}.
1. Background.
Let F : (Cn×C, 0×C) −→ (C, 0) be a holomorphic function in z1, . . . , zn and t.
We study the following conjecture, stated implicitly by Teissier in 1974 in his
Arcata survey [18] as well as at the beginning of his Carge`se paper [17], and which
implies a parametrised version of Zariski’s problem [24] about the topological in-
variance of the multiplicity (Conjecture 1.2 below).
Conjecture 1.1 (Teissier 1972 [17]). If for t in some neighbourhood U of 0
in C, each function F (., t) has an isolated singularity at the origin with the same
Milnor number µ, then the functions F (., t) have the same multiplicity at 0 for
t ∈ U .
Teissier made the stronger conjecture at Carge`se in 1972 that µ-constancy implies
that the Whitney conditions hold for (F−1(0), 0 × C). (The same conjecture was
made by Leˆ Du˜ng Tra´ng and Ramanujam in [11], published in 1976, although
submitted in June 1973.) This turned out to be false as first illustrated by the
famous examples of Brianc¸on and Speder [5]. Thus Conjecture 1.1 may also be
considered as a conjecture of Teissier which remains open. It has two corollaries,
as follows.
Conjecture 1.2 (Zariski’s problem for families). Families of complex an-
alytic hypersurfaces with isolated singularities of constant topological type are equi-
multiple.
Proof. This would follow from Conjecture 1.1 because the Milnor number is a
topological invariant (Milnor [13], Teissier [17]). 
Conjecture 1.3 Bekka (C)-regular families of complex hypersurfaces are equi-
multiple.
Proof. Use the analogue of the Thom-Mather isotopy theorem for (C)-regularity
as proved by Bekka in his thesis [1], together with Conjecture 1.2. 
Equimultiplicity was established in the case of Whitney regularity for general
complex analytic varieties by Hironaka [9], and with a different proof, for Whitney
regularity of families of complex analytic hypersurfaces by Brianc¸on and Speder [6].
The proof of Brianc¸on and Speder was first extended to arbitrary complex analytic
varieties by Navarro Aznar in [14], and the result is a special case of Teissier’s
1
2general characterisation [19] of Whitney regularity in terms of equimultiplicity of
polar varieties.
Conjecture 1.3 for the stronger hypothesis of weakWhitney regularity (defined by
Bekka and Trotman [2], weak Whitney regularity is weaker than Whitney regularity
but stronger than (C)-regularity [3]) was proved directly in 2010 [22] by the second
author and Duco van Straten, i.e. weak Whitney regularity implies equimultiplicity
for families of complex hypersurfaces.
Conjecture 1.2 is still unproved, as is Conjecture 1.3. It is also unknown whether
constant topological type implies (C)-regularity. It was shown recently by Bekka
and Trotman [4] that (C)-regularity is in general weaker than weak Whitney reg-
ularity for the 1975 quasi-homogeneous examples of Brianc¸on and Speder [5]. No
example is currently known of a weakly Whitney regular complex analytic strat-
ification not also satisfying Whitney regularity, while the equivalence of the two
conditions has only been proved in the classical case of a family of plane curves.
For this, use that weak Whitney regularity implies (C)-regularity [3], which implies
topological triviality by [1], and hence constant Milnor number, and it is well-known
that Whitney regularity is equivalent to constancy of the Milnor number for families
of plane curves [18].
The Leˆ-Saito-Teissier criterion for µ-constancy.
According to Leˆ and Saito [10] and Teissier [17], the constancy of the Milnor
number of F (., t) is equivalent to F being a Thom map, i.e. equivalent to the (aF )
condition being satisfied. This can be reformulated as saying that
|Ft|
||Fz||
→ 0 as (z, t)→ (0, 0)
where Ft is notation for ∂F/∂t, Fz is notation for (∂F/∂z1, . . . , ∂F/∂zn), |.| denotes
the modulus of a complex number and ||.|| denotes the hermitian norm on Cn.
In this paper we use this criterion for constancy of the Milnor number to deter-
mine some situations when equimultiplicity holds (Propositions 1.1 and 3.2), and
to reduce possible jumps in the multiplicity (Propositions 2.1 and 2.2).
Write F (z, t) = f(z) +
∑
k≥1
tkgk(z).
Then Ft =
∑
k≥1
ktk−1gk, and Fz = fz +
∑
k≥1
tk(gk)z .
Let m(h) denote the multiplicity of a function h at 0.
Due to its upper semicontinuity the multiplicity is non-constant if and only if
m = m(f) > m1 = min
k≥1
m(gk).
Proposition 1.1 If F (z, t) = f(z) + tg(z) is a 1-parameter family of isolated
complex analytic hypersurface singularities whose Milnor numbers are constant,
then the multiplicity at 0 of g is greater than or equal to the multiplicity at 0 of f .
Proof.
Suppose that m(f) = m > m1 = m(g).
Consider analytic arcs γ : (C, 0) −→ (Cn+1, 0), γ(u) = (z(u), t(u)), such that
γ(0) = 0 ∈ Cn+1. We must find an arc γ such that
3|Ft(γ(u))|
||Fz(γ(u))||
6→ 0 as u→ 0.
For any analytic function Q : Cn × C −→ C, write V (Q) for the order in u at 0
of Q ◦ γ : C −→ C, and for any analytic function P : Cn −→ C write v(P ) for the
order in u at 0 of P ◦ piz ◦ γ , where piz is the projection on the n first coordinates.
We must choose an analytic arc γ such that V (Ft)−min{V (∂F/∂zi)} ≤ 0.
Now V (Ft)−min{V (∂F/∂zi)} = v(g)−min{V (∂f/∂zi + t∂g/∂zi)}.
Let γ(u) = (uz0, 0) where z0 ∈ C
n − {0}.
Then V (Ft) − min{V (∂F/∂zi)} = v(g) − min{v(∂f/∂zi)}. For z0 sufficiently
general, the right-hand side is v(g)−(v(f)−1) = m1−m+1 ≤ 0, because m1 < m.
Thus V (Ft) − min{V (∂F/∂zi)} ≤ 0, contradicting the hypothesis that µ be
constant, using the Leˆ-Saito-Teissier characterisation. 
Remark 1.2. The result of Proposition 1.1 was discovered by the second author
during the academic year 1976-77 and announced in a talk given in March 1977 [20]
as one of the weekly A’Campo-MacPherson singularity seminars at the University
of Paris 7. The text of this talk was included in the second author’s The`se d’E´tat
[21] defended at Orsay in January 1980. The result was rediscovered by Gert-
Martin Greuel in 1986 [8], and used to prove Teissier’s conjecture in the case of
quasi-homogeneous, and semi-quasihomogeneous functions f .
Remark 1.3. Parusinski [16] has proved that a µ-constant family of the form
f+ tg has constant topological type by integrating an appropriate vector field, with
an argument which works for all n. Leˆ Du˜ng Tra´ng and Ramanujam [11] proved
that for a µ-constant family of complex hypersurfaces defined by {F (z, t) = 0},
the hypersurfaces {F (z, t) = 0} ∩ (Cn × {t}) have constant topological type when
n 6= 3.
We thank T. Gaffney and M. Oka for their interest and comments on this work,
and also thank the anonymous referee for suggestions leading to improvements in
the paper.
2. Controlling multiplicity.
Proposition 2.1. If F (z, t) = f(z) + tg(z) + t2h(z) is an analytic 1-parameter
family of isolated hypersurface singularities with Milnor number µ constant, then
the multiplicity at the origin of g is greater than or equal to the multiplicity m at
the origin of f , and the multiplicity at 0 of h is greater than or equal to m− 1.
Proof. Because
|Ft|
||Fz ||
=
|g + 2th|
||fz + tgz + t2hz||
,
it follows that on a generic curve of the form (uz0, 0) with z0 6= 0, V (Ft)−V (Fz) =
m(g)− v(fz) = m(g)−m+1. Hence if m(g)−m+1 ≤ 0, i.e. m(g) < m, we obtain
a contradiction to the hypothesis that the Milnor number remains constant.
Thus we obtain that the coefficient g of t has multiplicity m(g) ≥ m = m(f).
Suppose that m(h) ≤ m− 2.
On a generic curve of the form (uz0, ut0), with both z0 6= 0 and t0 6= 0, if
∆ = |Ft|||Fz|| , then ∆ ∼
|2th|
||fz+t2hz||
.
4Hence V (∆) = 1+m(h)−min{m−1, 2+m(h)−1} = 1+m(h)−(m(h)+1) = 0.
This again contradicts the hypothesis that the Milnor number of the family
F (., t) is constant, proving that m(h) is at least m− 1. 
Now we generalize to arbitrary deformations of f which are analytic in t.
Proposition 2.2. If the family F (z, t) = f(z) + tg1(z) + t
2g2(z) + t
3g3(z) + . . .
has constant Milnor number at z = 0 , and f has multiplicity m at the origin, then
m(g1) ≥ m, m(g2) ≥ m− 1, . . . , and in general m(gr) ≥ m− r + 1.
Proof.
Here, V (Ft)−V (Fz) = min
k≥1
{(k−1)+v(gk)}−V (fz+
∑
k≥1
tk(gk)z), assuming that
we are on a generic arc for which there is no cancellation of terms in the expression
for Ft.
In particular, V (Ft) = min{m(g1),m(g2)+1, . . . ,m(gr)+r−1}, for some r such
that r ≤ m(g1) (because each m(gk) > 1), and
V (Fz) = min{m(f)− 1,m(g1)− 1 + 1,m(g2)− 1 + 2, . . . ,m(gr)− 1 + r}
= min{m− 1, V (Ft)}.
But the family F (z, t) has constant Milnor number, so that V (Ft) > V (Fz), by
the Leˆ-Saito-Teissier theorem. The conclusion follows. 
It is interesting to compare the previous result with the following, proved by
Greuel in 1986 [8]. Observe the extra restrictions Greuel imposed on the {gi}.
Proposition 2.3 (Greuel). Let λj : (C, 0) → (C, 0) and gj : (C
n, 0) →
(C, 0), j = 1, . . . , r, be holomorphic functions such that λj 6= 0 and the initial forms
of gj are C-linearly independent. Assume that
F (z, t) = f(z) + Σrj=1λj(t)gj(z)
is a µ-constant unfolding of f . Then ν(λj) + m(gj) > m(f) for all j = 1, . . . , r,
where ν(λj) denotes the order in t of λj(t).
Remarks 2.4.
1. Let F (z, t) = f(z) + tg1(z) + tg2(z) be a µ-constant family, where g1(z) =
hm−1(z)+k1(z) and g2(z) = −hm−1(z)+k2(z), m = m(f), hm−1 is a homogeneous
polynomial of degree m − 1, and each of k1 and k2 has order greater than equal
to m. In this form Greuel’s Proposition 2.3 does not apply because the hypothesis
of linear independence does not hold. Also the conclusion fails to hold because
ν(t) + m(gi) = 1 + m − 1 = m = m(f), for i = 1, 2. So this explains why
Greuel imposes the extra condition of linear independence of the initial forms of
the gi’s. However if we group together the coefficients of t, we can express F (z, t)
as F (z, t) = t(g1(z) + g2(z)), and Proposition 1.1 applies.
2. Here is a less trivial example - in the previous example λ1 = λ2. Now we
provide an example where the λi’s are distinct. Let
F (z, t) = f(z) + (t3 + at2)g1(z) + (t
4 + t2)g2(z) + (at
4 − t3)g3(z)
be a µ-constant family, where g1(z) = hm−2(z)+k1(z), g2(z) = −ahm−2(z)+k2(z),
g3(z) = hm−2(z) + k3(z), m = m(f), hm−2 is a homogeneous polynomial of degree
5m − 2, and each of k1, k2, k3 has order greater than equal to m. Then again
Proposition 2.3 does not apply. Also the conclusion of Proposition 2.3 fails to hold
because
ν(λ1) +m(g1) = 2 +m− 2 = m, and ν(λ2) +m(g2) = 2 +m− 2 = m.
In this example the λi’s are distinct. We can easily construct similar more
complicated examples all illustrating why Greuel’s extra condition is required.
Grouping together the coefficients of powers of t in this example as in our Propo-
sition 2.2 we find
F (z, t) = f(z) + t2(ak1 + k2) + t
3(k1 − k3) + t
4(k2 + ak3).
It may be the case that Greuel’s Proposition 2.3 still does not apply. This
will occur if the initial terms of (ak1 + k2), (k1 − k3) and (k2 + ak3) are linearly
dependent. Let ki = hr + pi where hr(z) is a homogeneous polynomial of degree
r and pi(z) is a polynomial of order at least r + 1, for i = 1 and i = 3. Then if
k2 is any homogeneous polynomial of degree r which is not equal to −ahr, then
the coefficients of t2 and t4 will have initial forms of degree r which are the same,
hence linearly dependent, so that the hypothesis of Proposition 2.3 is not satisfied.
Our Proposition 2.2 allows us to prove that r ≥ m − 1, so that the conclusion of
Proposition 2.3 (2 + r > m), does hold.
3. Here is the point in the proof of Proposition 2.2 that allows us to proceed
without Greuel’s restriction on the initial forms of the gi.
We say: V (Ft)− V (Fz) = min
k≥1
{(k− 1) + v(gk)} − V (fz +
∑
k≥1
tk(gk)z), assuming
that we are on a generic arc for which there is no cancellation of terms in the
expression for Ft.
In particular,
V (Ft) = min{m(g1),m(g2) + 1, . . . ,m(gr) + r − 1},
for some r such that r ≤ m(g1) (because each m(gk) > 1), and
V (Fz) = min{m(f)− 1,m(g1)− 1 + 1,m(g2)− 1 + 2, . . . ,m(gr)− 1 + r}
= min{m− 1, V (Ft)}.
Why can we affirm this, while Greuel cannot ? It is precisely due to the sepa-
ration of the terms in powers of t. Any relation of linear dependence for a fixed t0
between the initial polynomials of the gi’s will not be preserved as t goes to zero
on a linear arc (uz0, ut0). The lowest powers of t will become dominant, leading to
our affirmation in the proof of Proposition 2.2.
3. Obtaining equimultiplicity.
Proposition 3.1. Let F (z, t) be a µ-constant family of complex hypersurfaces
with isolated singularities at z = 0 for each t in a neighbourhood of 0, of the
form F (z, t) = f(z) + Σk=1t
kgk(z). Suppose that the tangent cone of f has an
isolated singularity at 0. Then the multiplicity m(F (., t)) is constant as t varies in
a neighbourhood of 0.
Proof. Suppose that the tangent cone {fm = 0} (where fm is the initial poly-
nomial of f) has an isolated singularity. Then f is semi-homogeneous, in particular
semi-quasihomogeneous, and using deep work of Varchenko [23], Greuel [8] and
6O’Shea [16] independently proved equimultiplicity. The special case of homoge-
neous f was previously treated by Gabrielov and Koushnirenko [7]. 
Motivated by the proof of Proposition 2.1, we could study what happens in a
family F (z, t) = f(z) + tg(z) + t2h(z) with constant Milnor number if we take a
more general generic curve of the form (upz0, u
qt0) with z0 6= 0, t0 6= 0, and where
p 6= q and p and q are non-negative integers. This turns out not to be fruitful
however.
So we change tactics by choosing an appropriate non-generic line segment,
whereas the previous results were obtained by choosing suitable generic line seg-
ments.
Proposition 3.2. Let F (z, t) be a µ-constant family of complex hypersurfaces
with isolated singularities at z = 0 for each t in a neighbourhood of 0, of the form
F (z, t) = f(z) + tg(z) + t2h(z). Suppose that the singular set of the tangent cone
of {f = 0} is not contained in the tangent cone of {h = 0}. Then the multiplicity
m(F (., t)) is constant as t varies in a neighbourhood of 0.
Proof. By Proposition 2.1, we know thatm(g) ≥ m = m(f), and m(h) ≥ m−1.
Suppose m(h) = m− 1.
For a complex line segment γ(u) = (uz0, ut0), we have
V (∆) = V (
|g + 2th|
||fz + tgz + t2hz ||
)
= V (g + 2th)− inf{V (fzi + tgzi + t
2hzi) | i = 1, . . . , n}. (∗)
The hypothesis that the singular locus Σ of the tangent cone of {f = 0} is not
contained in the tangent cone of {h = 0} ensures in particular that Σ has complex
dimension at least one. Let z0 be a point of Σ, distinct from the origin. Then we
know that on arcs γ(u) = (uz0, ut0), for any choice of non-zero t0, v(fzi) ≥ m for
all i.
But since m(g) ≥ m, and m(h) = m − 1, then also V (tgzi) ≥ m for all i, and
V (t2hzi) ≥ m, for all i. It follows that inf{V (fzi + tgzi + t
2hzi) | i = 1, . . . , n} ≥ m.
Now choose a generic value of t0 for which V (g + 2th) = V (th) = m. By (∗),
V (∆) ≤ m −m = 0, and the Leˆ-Saito-Teissier criterion states that the constancy
of the Milnor number implies a contradiction, i.e. m(h) 6= m− 1. Because m(h) ≥
m − 1, it follows that m(h) ≥ m and since also m(g) ≥ m, it follows that the
multiplicity of F (., t) = f + tg + t2h is constant as t varies in a neighbourhood of
0. 
Remark 3.3. Similarly to the argument in the previous proof we can obtain a
contradiction to the hypothesis of constant Milnor number by the Leˆ-Saito-Teissier
criterion if m(g) = m and Σ(fm) is not contained in the tangent cone to {g = 0}.
Thus if a family F (z, t) = f(z) + tg(z) + t2h(z) has constant Milnor number, and
the singular locus of the tangent cone of {f = 0} is not contained in the tangent
cone of {g = 0}, then m(g) ≥ m+ 1.
More generally, the same argument shows that if a family F (z, t) = f(z) +
tg1(z)+ t
2g2(z)+ t
3g3(z)+ . . . has constant Milnor number, and the singular locus
7of the tangent cone of {f = 0} is not contained in the tangent cone of {gk = 0},
then m(gk) ≥ m− k + 2.
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